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We investigate tiie gravitational one-loop divergences of the standard model in large extra di- 
mensions, with gravitons propagating in the (4 -I- (5)-dimensional bulk and gauge fields as well as 
scalar and fermionic multiplets confined to a three-brane. To determine the divergences we estab- 
lish a cut-off regularization which allows us to extract gauge-invariant counterterms. In contrast 
to the claim of a recent paper 1, arXiv : 0807 . 0132 , we show that the fermionic and scalar higher 
derivative counterterms do not coincide with the higher derivative terms in the Lee- Wick standard 
model. We argue that even if the exact Lee- Wick higher derivative terms were found, as in the case 
of the pure gauge sector, this would not allow to conclude the existence of the massive ghost fields 
corresponding to these higher derivative terms in the Lee- Wick standard model. 

PACS numbers: 12.60.Cn, 04.50.Cd, 11.15.Bt 



I. INTRODUCTION 



A well-known issue of the standard model is the hierarchy puzzle. The mass of the Higgs boson acquires quadratically 
divergent radiative corrections. In order to keep the Higgs mass small compared to the Planck scale Mpi ~ lO^^GeV a 
delicate cancellation has to happen, requiring an extreme fine-tuning. To solve this problem Grinstein, O'Connell, and 
Wise suggested a higher derivative generalization of the standard model. Their proposition is based on the ideas of 
Lee and Wick [1, 0] , who studied the consequences of the assumption that the modification of the photon propagator 
in the Pauli-Villars regularization ^ of quantum electrodynamics, corresponds to a physical degree of freedom. The 
modification of the photon propagator and thus the additional massive vector field correspond to a higher derivative 
term being added to the Lagrangian. Exploiting the improved UV behavior Lee and Wick were able to construct a 
finite theory of quantum electrodynamics. Grinstein et al. extended the standard model to include special dimension- 
six higher derivative terms for each particle. These so called Lee- Wick terms have the special property of allowing 
for an equivalent formulation of the theory containing additional massive fields but only operators of dimension four 
or less. This property is crucial for the higher derivative theory fulfilling the constraints of perturbative unitarity 
The new particles are ghosts because their kinetic terms have the wrong sign. This indicates an instability on the 
classical level and results in problems with the unitarity for the quantum theory. However, these problems appear to 
be solvable and have been extensively discussed in the literature, for example in [1, 0i0, Si- 

The Lee- Wick terms used by Grinstein et al. are given by 



^ tr{{D^F^,f} for gauge fields. 



■^{D^(j))\D^4,) for scalars (Higgs), and 



(1) 



-^iplj) tp for fermions. 



This extension, known as the Lee- Wick standard model, is free of quadratic divergences and is therefore one possible 
solution to the hierarchy puzzle. Several recent papers investigated the properties of the Lee- Wick standard model, 
e.g. i. 

Shortly after its proposition Wu and Zhong [lO| pointed out a possible connection between the Lee- Wick standard 
model and one-loop counterterms in the nonrenormalizable Einstein-Maxwell theory. 

It is a well-known fact that quantized general relativity is a nonrenormalizable theory [ll|, [13, [H, [13] ■ However, 
nonrenormalizable theories can be renormalized at each loop order by including counterterms of higher dimension 
and reliable predictions can be made, if they are treated in the general enough framework of effective field theories 
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[T^ . As has been shown in [ij, [13, [ill i the only gauge field dimension-six counterterm necessary to renormalize 
Einstein- Yang-Mills^ theory at one-loop order, is the Lee- Wick term ([B for gauge fields. In the case of Einstein- 
Maxwell theory the same interesting observation led Wu and Zhong [13] to the conclusion that gravity provides a 
mechanism for the emergence of the Lee- Wick partner of the gauge field. 

The search for a solution of the hierarchy puzzle has also led to models modifying gravity itself, e. g. p^. [20l [2ll [2^. 
[23I I , resulting in a lowering of the characteristic scale of quantum gravity from the Planck mass Mpj to an energy 
which could be as low as some TeV without confiicting with experiments. The most popular of these, the large extra 
dimension models, in which gravitons propagate in the entire space-time bulk whereas the standard model matter is 
confined to a four-dimensional submanifold (three-brane), are of special interest for the gravitational induction of Lee- 
Wick terms. In these models gravity exhibits a much richer particle spectrum, i. e. massive Kaluza-Klein excitations of 
the graviton and additional scalar and vector particles. The more complex structures in higher dimensional gravity are 
expected to be reflected in the gravity induced counterterms, including the higher derivative dimension-six operators. 

Recently Wu and Zhong claimed that a large extra dimension model provides a mechanism for the emergence of 
Lee- Wick partners, with masses in the TeV scale, for all particles. They base their arguments on the higher derivative 
counterterms that appear in the one-loop renormalization of this theory, which according to their results are given by 
the Lee- Wick terms ([T]). However, they only calculated two-point functions which, as we will show explicitly, alone do 
not determine the higher derivative counterterms. Consequently, the natural question whether or not the fermionic 
and scalar dimension-six counterterms of Einstein- Yang- Mills theory are also given by the corresponding Lee- Wick 
terms ([1]), is still open and will be answered in the following. 



II. FORMALISM 



We consider a large extra-dimensional space-time scenario of the form proposed by Arkani-Hamed, Dimopoulos, 
and Dvali [l^. The bulk space-time is the D-dimensional manifold M. = R"'^'^ x T'', where is a i5-dimensional torus 
with a uniform radius R and dim — D — A-\- 5. The graviton moves freely in the bulk whereas the matter and 
gauge fields are confined on a three-brane, representing the four-dimensional space-time of the standard model. 

In the following upper (lower) case Latin letters are used for D-dimensional ((5-dimensional compactified) indices and 
Greek letters for four-dimensional indices. We further decompose the I?-dimensional coordinates as X^^ — (x^, z*). 

The bulk metric is expanded around flat D-dimensional Minkowski space-time 

Gmn{X) = riMN + K^hMN{X) , (2) 

with TjMN = diag(-|-, —,...,—) and the graviton field Hmn ■ Here denotes the gravitational coupling constant in D 
dimensions which is related by — 327r/M^~^ to the corresponding higher dimensional Planck mass M^. 
The dynamics of gravity are are governed by the Einstein-Hilbert action in the bulk: 



-Sbuik = / X 



2 

-^\/\G\TZ — Tn^ +'Cghosts 



(3) 



Here Tm denotes the gauge fixing term and /Zghosts the corresponding ghost Lagrangian. A convenient choice is the 
de Bonder gauge 

J'n ^ {hMN ~ \miNh) with h = hMNV^'', (4) 

leading to a particularly simple momentum dependence of the graviton propagator and allowing for a direct comparison 
of our results with those of . Note that the gravitational Faddeev-Popov ghosts solely couple to gravitons and will 
therefore play no role in the considered one- loop calculations. Hence, there is no need to specify £ghost- 
The bulk fields are expanded in eigenmodes of the compactified S torus (Kaluza-Klein modes) 

hMN{x,z) = Vi"^ h^MU^)e'^, (5) 
where Vs — {2-kRY is the volume of the compactified torus. 



This result also applies to the Abelian case. 
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The quadratic part of the graviton action expressed in terms of the Kaluza-Klein modes is 

cquad. _ /"d4 1 Y^/o ( r,'^! R„N S _ I M N RS\ C)a _ 

•5 graviton ^ / 2 " MN \V V ^fj 7] j O rij^g 

ft (6) 

with the Kaluza-Klein masses m| = r? jW' . 

To describe matter fields living in four dimensions, we introduce a three-brane, whose position is parameterized by 

r^(x^) = (y^(x)=x^o), (7) 

using a static gauge [23 |. Its fluctuations in the compactified directions can be ignored in our considerations, because 
0{f?^ effects of brane fluctuations yield only seagull graphs which do not contribute to the renormalization of 
the higher derivative operators. 

Since brane fluctuations are neglected the induced metric on the brane is simply given by 

QyM QyN 

= G^.(x,0) (8) 



now using the four-dimensional gravitational coupling k — Hi^/^/Vs observed by particles on the brane. The usual 
deflnition of the four-dimensional Planck mass M|[ — T/I-k j k} yields the relation 

Mf-2(2^i?)*=M2i, (9) 

showing that the Planck mass Mpj ^ lO'^^GeV can originate from a much smaller gravitational scale in the bulk. 
The matter fields and their interactions are described by the brane action 

5'branc = ^ X [^T^^ + CyM + + ^s] (10) 

with the constant brane tension t, which has no one-loop effects on the higher derivative terms, and the Lagrange 
densities for gauge bosons, fermions, and scalars, which will be specified in the respective sections. 

As the brane Lagrangian, beside the matter fields, only depends on the induced metric ([5]), solely the components 
hfj^iy parallel to the brane couple to the matter fields. Thus, we only need the propagator for the components 

C"^^^^^^^^^^^7^ - -2 (11) 

in our calculations. Note that in the case of a pure four-dimensional setup without extra dimensions only the zero 
mode survives and becomes the propagator of a massless spin-2 particle. 

III. GAUGE FIELDS 

The corrections to the dimension-six operators of the vector boson of a non-Abelian gauge theory was already 
discussed in |17j] for 4-1-0 dimensions and in fl^ for d + 5 dimensions by one of the authors. For completeness we will 
quote the previous result. For this consideration the Yang-Mills part of the brane Lagrangian 

CYM = -^V^9'"'g'"'tT{F^,Fp„} (12) 

is needed. In the (4 -I- (5)-dimensional case considered in this article, the only gravity induced gauge field counterterm 



^ Note that without extra-dimensions, <5 = 0, the power-Uke divergence becomes logarithmic as 
(A*-/)/5-.l/21og (A2^2). 
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FIG. 1: One-loop diagrams for the proper fermion two-point function. 

i.e. there are neither contributions to the dimension-four operator trji^^^i^'*''} nor to the further dimension-six 
operator tT{F^^F^^F^°'}. 

The absence of gravitational contributions to the dimension-six operator tr{F'^} is crucial for the existence of an 
equivalent formulation a la Lee- Wick with an additional field and only operators of dimension four or less 0. 

It should be pointed out, that the values of the dimension-six counterterms de pen d on the gauge choice in the 
graviton sector, due to the nonvanishing mass dimension of their coefficients, (25l, |26|. So in a different gauge the 
trjF'^} operator may appear nevertheless. However, all observables, like S'-matrix elements, will be independent of 
the gauge. 

Also note that the calculation of the two-point function of an Abclian vector field, as done in 10] and [l], is not 
sufficient to claim the absence of the trji^'^} operator in the non-Abelian case. It only manifests itself in three- (and 
higher) point functions and vanishes identically for Abelian fields. 

IV. FERMIONS 

To analyze the higher derivative structure of the Einstein-Dirac system it is sufficient to consider a massless fermion 
on the three-brane. Its Lagrangian is given by 

Cf^V^i^i-p^, (14) 

with 'p = 7''e^I?^, Dirac matrix 7°, inverse vierbein e^, and covariant derivative 

'D^,^ dfj,- ifl^ - igA^ . (15) 

Here 51^ ^SgbUj'^'' is the spin connection with Sab = jila^Jb]- 

Starting from (jl4p we proceed by expanding the metric dependent quantities around flat space. The expansion of 
the Lagrangian to the needed order is given by 

+ K{daL~d.l/ia + ^0h,a)r'' + hOdal"' ~ 7" Kdch,,bl'']tl; + 0{k^) (16) 

with h — h^ii^, 7'^'' = 7['^7''l^ and = d^, — igAf^. It is used to derive the Feynman rules for the fermion propagator 
and graviton-fermion interactions. For their explicit form see [27| . 

Let us begin with the calculation of the gravitational contributions to the proper fermion two-point function. 
The relevant one-loop graphs are shown in figure [TJ The leading divergence of the two diagrams contributes to the 
field-strength renormalization of the fermion, and the next-to-leading divergences will renormalize higher derivative 
operators of mass dimension six as e. g. the Lee- Wick operator For the charged fermion only four of these operators 
are linearly independent ^2T\ . As a basis for the counterterms we choose 

ilpiplplp^, ilpipD'^'ip , ilpD^lptp, and ii^D^IpD^'^. (17) 

The first operator is of the Lee- Wick form and represents new fermionic ghost degrees of freedom. If only this operator 
is renormalized, the fermionic sector is consistent with being part of a Lee- Wick field theory, as it is the case for the 
gauge field. Similarly to the gauge sector all other higher derivative terms have to vanish in order to allow for an 
equivalent formulation with only operators of dimension four or less [2| . 

To regularize the UV-divergences of the diagrams a cut-off regularization is applied, which involves a cut-off of the 
(4 -|- (5)-dimensional momentum and a particular parameterization of the loop integrals. As one can already see in 
simple examples, in cut-off regularization the regularized value of the nonleading power-like divergences depends on 
the parameterization of the loop momentum. This ambiguity has to be eliminated to extract the structure of higher 
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derivative counterterms in the extra-dimensional scenario"^. To do so, we demand gauge invariance, with regard to the 
Yang-Mills gauge group, of the one-loop counterterms and require that all bubbles, triangles, etc. are parameterized 
in a similar manner. This completely fixes the choice of the parameterization of the loops. 

We illustrate our approach by presenting the explicit parameterization dependence of the gravitational contribution 
to the fermionic two-point function. The effective degree of divergence of the bubble graph is 3 -I- (5, in contrast to 
all further diagrams whose degree of divergence is at most 2 + 5. Consequently, also the regularized value of the 
leading divergence (of degree 2-\- 5) depends on the chosen loop parameterization. Using a general distribution of the 
external momentum over the two arms of the bubble, the leading divergent term of the one-loop contributions to 
the two-point function is 




k+(l-x)q 



leading order 



5 



11 -h 9(5 



5 + 2 2{5 + A) 



E 



d^fc 



(27r)4 fc2 



(18) 



with a; G M parameterizing the fraction of the external momentum flowing on the graviton line. The requirement of 
gauge invariance of the counterterms now determines the value of x. 

This leading term will contribute to the field-strength renormalization of the fermion Z^. As discussed in [l^ and 
[13], due to the absence of a coupling between Yang-Mills ghosts and gravitons the Slavnov- Taylor identities require 
the field-strength and the gauge field vertex renormalization of a given field to be identical at order : 



(19) 



The effective degree of divergence of the gravitational one-loop diagrams contributing to the fermion-gluon vertex in 
figure [2] is at most 2 + 5 and thus their contribution to Z:^^^ is independent of the momentum parameterization: 




3(11 + 95) 
4(J + 2) 



E 



leading order 



(27r)4 



(20) 



Comparison of this result with (|18p and the requirement of the Slavnov- Taylor identities to be satisfied now fixes 
X = 0. Once a loop-momentum parameterization is chosen all power-like divergences are fixed. As the regularized 
integrals will depend on the chosen momentum parameterization, this particular gauge compatible parameterization 
has to be part of our regularization scheme. For all graphs with a bubble loop we applied a parameterization with no 
external momentum flowing on the graviton line. 

Regularizing the remaining integrals and sums, one has to bear in mind that the Kaluza-Klein masses arc the 
discrete values of the extra-dimensional components of the graviton momentum. Hence, sum and integral have to 
be regularized together and not separately. In order to achieve this, it is convenient to replace the sum over the 
Kaluza-Klein modes by a (5-dimensional integral'*. The resulting 4 + 5 dimensional momentum integral is treated in 
the Wilsonian sense and we integrate out a Euclidean momentum shell from the low-energy reference scale /i to the 
UV-cut-off scale A. 

To determine the leading and next-to-leading divergences, investigated here, only the following two integrals are 



^ Without extra dimensions the corresponding divergences are only logarithmic and hence independent of the loop parameterization. 
* The difference is suppressed by (RA)~^ and hence negligible in our calculation. 
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FIG. 2: One-loop diagrams for the proper two-fermion-one-gauge-boson vertex. 



required: 



E 



1 



E 



(27r)4 - ml 
d^k 1 



T, , ■ ■ 4^S/2-n5 \S+2 ,,5+2 

Hcgularization 171 ' JX lY ^ 

' ~ 8^2^(1 + 2) ST2 

Regularization ITT^/'^R^ A* - /I* 



(27r)4fc2(fc2-m|) 87r2rf4 + n <5 

Using the fixed loop parameterization and the regularized expressions (HU, one finds 



(21) 
(22) 



l7r)i+*/2r 



3(11 + 9(5) A^+2 ~ ^^+2 16_5^^^A^ 



5+2 



(23) 



for the proper two-point function. It is important to notice that all the higher derivative terms p7p give the same 
contribution to the fermion two-point function. Hence, (|23p only fixes the sum of their coefficients. In order to specify 
the higher derivative counterterms we additionally have to investigate the vertex corrections. 

To determine the subleading part of the one- loop vertex diagrams in figure [2l the parameterization of the triangle 
also diagrams has to be fixed. The universality of the regularization scheme - one rule for all triangle graphs - and 
the demand that the result can be expressed as a linear combination of the gauge-invariant operators (jl7p fixes one 
unique parameterization of the loop momentum. Similarly to the bubbles, no external momentum is allowed on the 
graviton propagator. Applying the described regularization scheme, the gravitational one-loop contributions to the 
fermion-gluon vertex are 




(47r)i+V2r (I + 2) 



3(11 + 95) ^A'5+2-/ 



+2 



(5 + 2)2 
16-5 



r 



Mi 



(5+2 



„ 32 + 255 ^ 80 + 495 „ 

+ — — z — ^1^7''- 



+ 



6(2 + 5)^^" - 
32 + 255 



4 

17(2 + 5) 



(24) 



16 - 5 2 
0^ - 



88 + 715 „ ,1 A-^' -// 



24 



5Mi 



S+2 



and determine together with (|23p the higher derivative counterterms. The gravitational two-point (|23p and vertex 
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FIG. 3: One-loop diagrams for the proper scalar two-point function. 



24|) diagrams, correspond to the counterterms 



/'C.t. 



(47r)i+'5/2r (I + 2) 



3(11 + 9(5) - /+2 



(5 + 2)2 



(5+2 



{-(10 + f6)m - (f + if <5)0Z?2 + (f + ^<5)i^20 ^ ^ h|^)^^0^m| 



i 5 Mi 



5+2 



i, (25) 



which have to be added to the Lagrangian in order to renormahze the theory at one-loop order. In contrast to 
the results of [l[ we find that all higher derivative dimension-six operators are renormalized by gravitational one-loop 
corrections. An interpretation as fermionic Lee- Wick theory is therefore not possible due to the appearance of unit arity 
violating operators. For 4 4-0 dimensions this result was successfully checked using dimensional regularization [27| . 
Note that for a nonvanishing fermion mass there will be an additional dimension-five term which also spoils the 
connection to the Lee- Wick standard model. 



V. SCALARS 

The higher derivative counterterms for the charged scalar multiplet is obtained in the same manner as for the 
fermion. We start with the Lagrangian of the minimally coupled scalar field: 



f^g^'%D^<pyD,<jy with D^^d^-igA^ (26) 

and extract the Feynman rules for its coupling to the graviton from the expansion of the Lagrangian in orders of the 
gravitational coupling n 

Explicit formulas can be found in [27| . In the case of the scalar field only three higher derivative operators are linearly 
independent. We choose the following basis for the counterterms: 



1-9 



{D^^yP'^'^D^cP, and g^<f>^ F^^•' F^,<p . 



(28) 



Note that every term in the second operator contains at least one gauge field and every term in the third operator 
contains at least two gauge fields, thus beside the two-point function the two-scalar-one-gauge-boson and two-scalar- 
two-gauge-boson amplitudes are needed to completely determine the higher derivative counterterms. 

We start with the self-energy whose gravitational part is determined by the diagrams in figure[3l The UV-divergences 
are regularized in the same manner as before and the calculations show that again only the loop-parameterization 
without any external momentum flowing on the graviton line yield gauge- invariant results: 



(47r)i+V2r (I + 2) 



2(8-1-5,5) ^ A^+2„ /+2 
(<5 + 2)2 



S+2 



s+2 



(29) 



Note that the higher derivative divergence ~ vanishes if extra-dimensions are absent, hence in four dimensions 
there is no Lee- Wick counterterm {D^ (/>)'' D'^cj). 

The one-looD diagrams for the two-scalar-one-gauge-field vertex are listed in figure 3) Their sum is 




(47r)i+'5/2r 



,5+2 



(-5 + 2)2 



A/. 



5+2 



+ \{q^ + \qk + |fc2)g^ + (fc2 + Ifc^ + 2^2)^, 



A^ 



Mi 



5+2 



(30) 
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FIG. 4: One-loop diagrams for the proper two-scalar-one-gauge-field vertex. 



Again all dimension-six contributions vanish for 6 = and hence in four dimensions there is also no counterterm of 
the form ig{D^,(f)y F^"' D^(l). 

Finally, to determine the counterterm for the operator (f)'' F'^'^ Ff^i^(f) the two-scalar- two-gauge-field amplitude is 
necessary. To simplify the calculation, it is done for an Abelian theory with the Abelian coupling constant e which 
already leads to the 29 one- loop diagrams listed in figure [5l All these diagrams sum up to 




(4^)i+5/2r ( 



4(8 + 5,5)^^,A^+2-^' 



S+2 



rS+2 



(5 + 2)-^ ■ Mt 
+ <j 2(g + kY{q + ky + {q + kfr,'"'- 



(31) 



77^''(|p? + 2piP2 + fp^) 



A^ 



s+2 



Since gravity is insensitive to the particular gauge group chosen and because of the identical structure of the scalar 
field higher derivative operators for Abelian and non-Abelian groups, this result can easily be generalized to a non- 
Abelian theory. The nontrivial consistency of the thus obtained non-Abelian two-scalar-two-gauge-field vertex with 
the results (|29p and ([50]) further justifies this simplification. 

From (|29 p - (|3ip we obtain the gravitational counterterms involving two scalars^ 



(47r)i+*/2r (I + 2) 



2(8 + 5^ 
(5 + 2)2 l^M^ 



A 5+2 



5+2 



Mi 



.fS+2 



{ {D^cj^yD^cj) ~ \ig{D^^)'^F^-D,^ + \g'<^'^ F^^ F^^c, 



A^- 



,51 



Ml 



i+2 



(32) 



Similarly to the fermions, for the scalar field in a general setup, no higher derivative terms can be excluded if quantum 
gravity effects are incorporated. Again this contradicts the possible connection between gravity and the Lee- Wick 
standard model claimed by [l| . Interestingly, all the dimension-six counterterms only appear in the extra-dimensional 
case. The absence of these higher derivative counterterms in four dimensions has been checked using dimensional 
regularization [27l] . 



^ For the scalar field there are additional dimension-six operators, e.g. {(f)^ D ^(j))^ or (0t(/>)^, which are expected to be renormalized by 
gravity effects too. 
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FIG. 5: One-loop diagrams for the two-scalar-two-photon vertex. Here "-|- crossed" refers to the corresponding diagram with 
exchanged external photon lines. 

VI. CONCLUSIONS 

We have established a cut-ofF regularization appHcable in extra-dimensional scenarios which involves a cut-off of the 
(4 -|- (5)-dimensional® momentum and a fixed parameterization of the loops, where the graviton propagator does not 
carry any external momenta. This particular parameterization is completely fixed by the demand of gauge invariance 
of the counterterms and by requiring that all bubbles, triangles, etc. are parameterized in identical manner. 

Applying this regularization we determined the dimension-six one-loop counterterms involving two fermions or two 
scalars to be a linear combination of all possible operators (|32p and not only the Lee- Wick terms, as in the 

gauge sector ([T3|) . This contradicts the results of [l| and leads to the conclusion that there is no connection between 
the gravitational one-loop counterterms of standard model matter and the Lee- Wick standard model. It is important 
to note that the appearance of the Lee- Wick term for gauge fields as the only gauge field counterterm, although it is 
tempting, does not allow to conclude the existence of the massive particle associated with the Lee- Wick term in the 
Lee- Wick standard model, as has been done by In the context considered here, the Lee- Wick term is only one 
term in an infinite series of counterterms of a nonrenormalizable field theory. One might argue that the higher order 
terms are exactly such that they correspond to further new particles, as in the higher derivative Lee- Wick standard 
model recently proposed by Carone and Lebed [l^. However, it is in general not possible to conclude the existence 
of further particles from the appearance of special counterterms in an effective field theory, because these terms are 
only the residual low-energy effects of the unknown physics at high energies. 
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This regularization is also applicable in D = (d + 5) dimensions [l^ . 
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Our computation made use of the symbolic manipulation system FORM f2£ 
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